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Abstract
We consider a four-dimensional space-time supplemented by two discrete points
assigned to a Z2 algebraic structure and develop the formalism of noncommutative
geometry. By setting up a generalised vielbein, we study the metric structure. Metric
compatible torsion free connection defines a unique finite field content in the model
and leads to a discretized version of Kaluza-Klein theory. We study some special cases
of this model that illustrate the rich and complex structure with massive modes and
the possible presence of a cosmological constant.
Pacs numbers: 04.20.Jb, 04.40. +c, 11.15. -q, 14.80.Hv
1 Introduction
Mathematical framework based on classical differential manifolds and the associated
algebras of smooth functions and their differentiable structures has provided so far the
necessary algebraic and geometric tools to construct quantum field theories to describe
elementary particle interactions. However, inspite of great progress in our understand-
ing of these interactions, problems remain. The inadequacies of the Standard Model
as a fundamental theory are too well emphasized in the literature to merit repetition
here. String theory’s claim as a fundamental theory that unifies all interactions includ-
ing gravity is still far from being established. It certainly has not made a convincing
contact with the experimental world and has not provided so far new insights into
the successes of the Standard Model. These and other considerations beg for new
mathematical ideas and new ways to explore physics at small scales.
Connes’ recent developement of noncommutative geometry ( NCG)[1, 2] has pro-
vided such new ideas and new tools to construct particle physics models based on a geo-
metric picture in which Higgs fields can be introduced as geometric objects on an equal
footing with the gauge fields. The Higgs fields trigger spontaneous symmetry breaking
in a natural way in the Standard Model and Grand Unified Theories (GUT’s)[3, 4, 5].
Among several approaches to NCG, Connes’ approach that we will follow in this paper
is based on enlarging the usual four-dimensional space-time by including additional
discrete dimensions. This leads to more than one copies of space-time and enables one
to introduce different symmetries on different copies.
Connes’ NCG can also be thought of as describing a discretized version of Kaluza-
Klein theories [6] that ordinarily aim at incorporating internal symmetries of elemen-
tary particles and unify their interactions. Instead of compactified continuous space
degrees of freedom, in NCG we have a countable number of discrete points. With this
in mind, one may ask how to introduce gravity in this space-time. The first step in
this direction was taken by Chamseddine, Felder and Fro¨hlich [7], who gave a general-
ization of the basic notions - vierbein, spin connection and curvature - of Riemannian
geometry in the context of the new framework. As a result, they obtained Einstein’s
gravity along with Brans-Dicke scalar field. More recently, several others [8, 9, 10, 11]
have introduced some refinements, but have obtained essentially the same results.
In this and a previous short paper [12], we have followed a different track. Guided
by the Kaluza-Klein theory, we consider the two-point internal space as a discretization
of the fifth dimension. We keep all the allowed fields by assuming the most general
form for the vielbein and therefore, vector and scalar fields appear naturally along
with tensor fields ∗. With two discrete point internal space, these fields come in pairs
and in each pair, one field is massless and the other is massive. In the conventional
∗ Klimc˜ik et al [13], independently, have considered gravity together with a vector field ( without
the Brans-Dicke field). Madore [14] has also discussed the possibility of having vectors fields together
with gravity in a somewhat different NCG with matrix algebras Mn
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Kaluza-Klein theories, the particle spectrum consists of infinite number of massive
modes. Usually, one resorts to truncation of the spectrum, but then one runs into
inconsistencies in constructing realistic theories [15].
In the previous paper [12], we had a restricted version of the theory due to the choice
of a hermitian connection. We showed that the zero mode sector of the Kaluza-Klein
theory emerged without truncation. In this extended version, we consider a general
formalism dictated by NCG. We shall see that the torsion free and metric compatibility
conditions impose a very strong constraint on the field content of the theory. In the
more general case, these conditions allow, beside the tensor, vector and scalar fields,
two new dynamical fields α(x) and β(x). The β(x) field rescales the metric on one
sheet and therefore it acts like a dilaton field in conventional theories. However, we
find it has a mass term unlike in the conventional theories. Furthermore, if we assumed
β to be a constant everywhere, it gives rise to a cosmological constant. Similarly, the
α(x) field rescales the vector and the scalar fields on one sheet and when we assume
it to be constant, it makes the vector field massive. From physical considerations, if
we adhere to metric compatibility, then torsion is not arbitrary, but it is determined
in terms of the metric and allows to have both massless and massive fields. In other
words, a metric compatible torsion provides the raison d’eˆtre for the massive modes in
a theory that has originally only zero modes. This is a new and beautiful feature of
NCG.
The paper is organized as follows: In the next section, we extend the formalism in
[12] by including more details about the two-point internal space and noncommutative
differential calculus. In Section 3, we set up the vielbein in an orthonormal basis
and discuss the structure of the metric that follows. We also give the definitions of
various inner products that are necessary in our computations. In Section 4, after
defining the generalized connection, covariant derivative and torsion, we use the metric
compatibility condition to obtain the torsion free connection which can be used to
compute the generalised Ricci scalar curvature and the Lagrangian. Section 5. is
devoted to some special cases and the final section to a summary and discussion of the
results.
2 Two-point internal space, noncommutative dif-
ferential calculus
2.1 Basic elements of noncommutative geometry
Let us consider a physical space-time manifoldM extended by a discrete internal space
of two points to which we assign a Z2-algebraic structure. Hence, besides the space-
time variable, we will have a new discrete variable denoted by an element h ∈ Z2 =
{e, r | e2 = e , r2 = e , er = re = r }. With this extended space-time, the customary
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algebra of smooth functions C∞(M) is generalized to A = C∞(M)⊕C∞(M) and any
generalized function F ∈ A can be written as
F (x) = f+(x)e + f−(x)r , (2.1)
which can be viewed as a formal expansion by the Z2 variable. We can represent the
elements of the Z2 algebra by 2× 2 matrices:
e =
(
1 0
0 1
)
, r =
(
1 0
0 −1
)
. (2.2)
Then the function F (x) is represented by a 2× 2 matrix
F = f+(x)
(
1 0
0 1
)
+ f−(x)
(
1 0
0 −1
)
=
(
f1(x) 0
0 f2(x)
)
, (2.3)
where f1, f2 are obvious combinations of f+, f−. To simplify notation, we will use the
same mathematical symbols for abtract elements and their representations. In this
paper we will use the small letters to denote the quantities of ordinary geometry and
capital letters for generalized quantities of NCG.
The algebra A of smooth functions can be considered as the algebra of the gener-
alized 0-forms Ω0(M) = C∞(M)⊕ C∞(M). To go beyond the ordinary geometry, we
must introduce a second important geometric ingredient, the Dirac operator D [1, 2],
that serves as an exterior derivative giving us the starting point of the noncommu-
tative differential calculus. As a direct generalization of the usual exterior derivative
d = dxµ∂µ , d
2 = 0, we will assume that it has the form D = d + Q, where Q is
the part of the exterior derivative, that comes from derivations over the Z2 internal
variable. Connes has given it [2] formally as
D : (f1, f2) −→ (df1, df2, m(f2 − f1), m(f1 − f2)), (2.4)
where m is a parameter with dimension of mass or the inverse of length. Therefore,
it is apparent that we can look upon the last two terms in Eq (2.4) as representing
derivatives over the discrete dimensions.
We are seeking a realization of Eq (2.4) in which the operator D appears more
transparently as a derivative operator satisfying the Newton-Leibnitz rule. For this
purpose, let us define derivatives as follows;
Dµ =
(
∂µ 0
0 ∂µ
)
, µ = 0, 1, 2, 3 ,
D5 =
(
0 m
−m 0
)
, (2.5)
and specify their action on the 0-form elements as
DN(F ) = [DN , F ] , N = µ, 5. (2.6)
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It is easy to verify that in the above representation, DN satisfies the Newton-Leibnitz
rule,
DN(FG) = DN(F )G+ FDN(G). (2.7)
Hence, we can consider DN as derivations in the Z2-noncommutative geometry.
The generalized differential elements DXM have the following realizations †
DXµ
.
=
(
dxµ 0
0 dxµ
)
, µ = 0, 1, 2, 3 ,
DX5σ†
.
=
(
θ 0
0 −θ
)
, (2.8)
where θ is a Clifford element satisfying
θ2 = 1 , θdxµ = −dxµθ . (2.9)
and
σ =
(
0 1
−1 0
)
(2.10)
The exterior derivative operator D is given by
D
.
= ( DXµDµ + DX
5σ†D5 ) ≡
(
d θm
θm d
)
, (2.11)
where d denotes the exterior derivative on M. The exterior derivative acts on F =
(f1, f2) ∈ Ω0(M) as follows:
DF
.
= ( DXµDµ + DX
5σ†D5 )F =
(
df1 θm(f2 − f1)
θm(f1 − f2) df2
)
. (2.12)
By placing the ”discrete derivative” off-diagonal, we really mean that Q is an outer
automorphism. The importance of an outer automorphism was discussed by Balakr-
ishna et al in Ref.[5]. Without this off-diagonal part, even with an extended algebra of
0-forms the geometry has only the commutative character as in the ordinary geometry
[16].
Working in the Hilbert space of spinors, Connes [2, 3] choose the ’Γ-representation’
of differential elements
Γµ =
(
γµ 0
0 γµ
)
, Γ5 =
(
γ5 0
0 −γ5
)
. (2.13)
† Here we have used a slightly different definition for DX5 compared with the one in Ref [12]. This
new choice for DX5 is more suitable to be a basis of 1-forms discussed in the next subsection.
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To compare with papers that use the representation (2.13), let us note that our DXµ
and DX5σ† correspond to Γµ and Γ5 respectively. Hence, their Dirac operator in the
Z2-noncommutative geometry has the self-adjoint realization
6D .= ΓNDN ≡
( 6∂ γ5m
γ5m 6∂
)
. (2.14)
In our formalism θ is not necessarily γ5 but can be any Clifford element depending
on the content of the matter field. As we are working only with the pure geometric
sector, we will not refer to its concrete meaning. The triplet (A, D,H), where H is a
Hilbert space of matter fields is the basic ingredient of NCG. We have already assumed
that H = H1 ⊕H2 in representing the algebra A and the Dirac operator D by 2× 2
matrices. The algebra A completely replaces the concept of an underlying manifold. In
NCG, calculations can be done formally without explicit derivatives as in Eqs (2.5) and
(2.6). We introduce such an object just to show that NCG is a direct generalisation of
the ordinary geometry, that was traditionally founded on the notion of a tangent space
at a point. It is worth noting that Dubois-Violette, Kerner and Madore [14] have also
introduced derivatives when discussing a different NCG with matrix algebras Mn.
2.2 Wedge product and generalized differential forms
We can extend the space of derivatives of 0-forms in Eq (2.12) to the space of 1-forms
Ω1(M), where any 1-form U ∈ Ω1(M) is defined as
U
.
= DXNUN =
(
dxµu1µ(x) θu2(x)
θu1(x) dx
µu2µ
)
, (2.15)
where Uµ, U5 are elements of Ω
0(M).
Let us note that the hermitian conjungate of an 1-form is also an 1-form
U † = U †N .DX
N = DXµUµ +DX
5U˜5, (2.16)
where we have introduced the notation F˜ :
if F ∈ A , F =
(
f1 0
0 f2
)
, then F˜ =
(
f2 0
0 f1
)
. (2.17)
It is straightforward to generalize the definition of the wedge product to construct
higher differential forms and differential algebra by defining
DXµ ∧DXν .=
(
dxµ ∧ dxν 0
0 dxµ ∧ dxν
)
≡ −DXν ∧DXµ,
DX5 ∧DXµ .=
(
0 θdxµ
θdxµ 0
)
≡ −DXµ ∧DX5,
DX5 ∧DX5 .= 0 (2.18)
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Alternately, we could have postulated DX5 ∧ DX5 6= 0 and recover the construction
of Coquereaux et al.[17]. To do this, of course, we have to assume that the additional
dimension represented by the discrete variables is an odd dimension to have a commut-
ing differential element instead of the anti-commuting one. Considering our space-time
as a discretized version of Kaluza-Klein theory, we continue to treat the internal space
as an even dimension on an equal footing with the space-time coordinates and hence
the wedge product (2.18).
A general p-form Wp ∈ Ωp is defined as
Wp
.
= DXN1 ∧ ... ∧DXNpWN1...Np. (2.19)
where WN1...Np are generalised 0-forms.
The exterior derivative DWp ∈ Ωp+1 of a p-form Wp ∈ Ωp is defined to be
DWp = (DX
µ∧DXN1∧....∧DXNpDµ+DX5∧DXN1∧...∧DXNpD5)WN1...Np, (2.20)
The wedge product W1p ∧W2q ∈ Ωp+q of a p-form W1p ∈ Ωp and a q-form W2q ∈ Ωq is
given as follows
W1p ∧W2q = DXN1 ∧ ... ∧DXNp ∧DXNp+1 ∧ ... ∧DXMp+q(W1.W2)N1...NpNp+1...Np+q .
(2.21)
where
(W1.W2)N1...NpNp+1...Np+q = W1N1...Np.W2Np+1...Np+q , (2.22)
if there is one 5 index among N1, ..., Np indices, and
(W1.W2)N1...NpNp+1...Np+q = W˜1N1...Np.W2Np+1...Np+q , (2.23)
if there is no 5 index among N1, ..., Np indices.
We have the following essential properties for the exterior derivative,
D2Wp = 0 , ∀ p ,
D(Wp ∧Wq) = DWp ∧Wq + (−1)pWp ∧DWq . (2.24)
The noncommutative character of our geometry is reflected in the fact that Wp ∧Wq
and Wq ∧Wp are not related in general to each other by a simple factor as in the case
of ordinary commutative geometry.
Although, in what follows, the geometrical objects we construct resemble those of
ordinary geometry, their noncommutative character dictates a specific order in their
definitions.
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2.3 Inner product and signature in ”flat space-time”
In ’flat’ NCG, we can define the signature as
GMN = G(DXM , DXN) = < DXM , DXN > = ηMN , (2.25)
where ηMN = (−,+ + ++). In the ’Γ-representation’ the inner product is simply a
Clifford trace ( not to be confused with the trace over the 2× 2 matrix indices),
ηMN =
1
4
Tr(ΓM ΓN) (2.26)
3 The generalized metric and an orthonormal basis
In this section we discuss the setting up of a generalized vielbein and the ensuing metric
structure of the assumed space-time.
3.1 The generalized vielbein
In Riemann-Cartan geometry, the existence of a metric structure on a manifold is
equivalent to the assumption that there exists an orthonormal basis of vierbein, that
are 1-forms. We extend this idea to NCG and assume, as in [12] that there exists
a generalized vielbein {EA} (A = a, 5˙) . EA .= DXMEAM are 1-forms in the Z2-
noncommutative geometry with the general form
Ea
.
=
(
ea1 θf
a
2
θfa1 e
a
2
)
= DXµEaµ + DX
5F a, a = 0, 1, 2, 3 ,
E 5˙
.
=
(
a1 θφ2
θφ1 a2
)
= DXµAµ +DX
5Φ, (3.1)
where ea1, e
a
2 are vielbein on M, a1, a2 are 1-forms on M and fa1 , fa2 , φ1, φ2 are real
functions on M. We use a 5˙ index in the orthonormal basis to distinguish it from the
index 5 in the general one.
As in the usual Riemannian geometry, we still have a degree of freedom to choose
the following forms for vielbein without any loss of generality:
Ea
.
=
(
ea1 0
0 ea2
)
= DXµEaµ a = 0, 1, 2, 3,
E 5˙
.
=
(
a1 θφ2
θφ1 a2
)
= DXµAµ +DX
5Φ. (3.2)
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In Ref [12] we have considered the self-adjoint vielbein
Ea
.
=
(
ea 0
0 ea
)
= DXµeaµ
E 5˙
.
=
(
a θφ
θφ a
)
= DXµaµ +DX
5φ(x). (3.3)
Here we will consider the general case (3.2).
3.2 DXM basis and vielbein in two different representations
In the last subsection DXµ and DX5 have been chosen as pure diagonal and pure
off-diagonal respectively. Technically, it is convenient to choose such a representation,
in which the rules of differential calculus in the previous section can still be used.
The basis EA can be used to formulate the structure equations and to read the field
content of the theory conveniently. However, in NCG it is troublesome to use this
basis to compute higher forms. The main reason is that EA does not satisfy the anti-
commutativity of the wedge product for all its components, hence higher forms do not
have a unique expansion in this basis. Thus
Ea ∧ Eb = −Eb ∧ Ea ,
E 5˙ ∧ E 5˙ = Eb ∧ EcAbEµc a−µr − E 5˙ ∧ EcEµc a−µr ,
E 5˙ ∧ Ea = −Eb ∧ E 5˙E˜µb Eaµ + Eb ∧ EcAc(E˜µb Eaµ − δab ) . (3.4)
Spinors are defined locally in a locally flat basis of vielbein. Because of the local
flatness of the orthonormal basis, Ea and E 5˙ can be represented by ’flat’ Γ matrices as
in Eq (2.13). The trace over the spinor indices can be taken only in this frame.
On the other hand, in a curved space the differential elements become curvilinear.
In NCG, we will assume similarly that the basis of generalised 1-forms DXµ , DX5
will no longer be orthonormal in ”curved” space time. In general, we can allow DXµ
and DX5 to mix with each other. So the basis vectors of the Hilbert space, in which
DXM are pure diagonal or pure off-diagonal will be combinations of two Hilbert spaces
H1 and H2. Hence, we cannot use the trace in the DXM basis but always have to go
back to the orthonormal basis to do so. In the basis DXM the inner products defined
in the paragraph 3.4 should be used to compute the metric as we will see later.
Finally, a comment about the existence of the vector Aµ is in order. Intuitively,
the existence of the vector field is related to the freedom to assign to a pair of point
on different sheets the same coordinate system. The vector fields will appear if we mix
DX5 and DXµ to redefine DX5 basis of the ”curved” 1-forms as
DX5 −→ DX5 −DXµ DµΛ(x), (3.5)
where Λ(x) is an arbitrary generalized function. This degree of freedom will guarantee
the gauge invariance of the generalised interval defined in the next subsection.
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3.3 The Metric and its structure
Having a vielbein we can always construct a metric tensor G. We will think of G as a
sesquilinear functional [2] G : Ω1 × Ω1 −→ A , having the hermitian structure
G(UF,WH) = F †G(U,W )H , ∀ U,W ∈ Ω1 , F,H ∈ Ω0. (3.6)
In the EA-basis, the metric is taken to be
G(EA, EB) = ηAB , ηAB = diag(−1, 1, 1, 1, 1) . (3.7)
In the DXM -basis we will have
GMN = G(DXM , DXN) = EMAη
ABENB , (3.8)
where EMA are the inverses of E
A
M .
Explicitly the components of the metric are:
Gµν =
(
g
µν
1 0
0 gµν2
)
,
Gµ5 = −AµΦ−1,
G5µ = −Φ−1Aµ,
G55 = Φ−2(1 + A2). (3.9)
where gµνi = e
µ
iaη
abeνib , i = 1, 2 are the metrics on two sheets. The inverse metric
satisfying GMN .G
NK = GKN .GNM = δ
K
N is
GMN = E
A
MηABE
B
N . (3.10)
Explicitly,
Gµν = AµAν +
(
g1µν 0
0 g2µν
)
,
Gµ5 = AµΦ,
G5µ = ΦAµ,
G55 = Φ
2. (3.11)
It is worth noting that the metric continues to be symmetric, althought the vielbein is
not Hermitian.
GMN = GNM ,
GMN = GNM . (3.12)
Hence, we can define the generalised interval as
DS2 = DXM DXNGMN(x) (3.13)
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It is easy to check that the generalised interval is invariant under the gauge transfor-
mations (3.5) and
Aµ(x) −→ Aµ(x) + ∂µΛ(x). (3.14)
This feature is exactly the same as in Kaluza-Klein theory. In the locally flat frame, EA
can be represented as flat Γ matrices in Eq (2.13) and the metric can be computed by
taking a trace over the local spinor indices to give (3.7). This definition of metric in the
locally flat basis EA is consistent with the metric defined in the diagional represention
of DXM via Eq (3.8).
3.4 Inner products of forms and the volume element
In our computations in the next section, we need to introduce inner product of one-
and two-forms and their extensions. For later convenience, we define them here. First,
we will give the definitions of the inner products in the diagonal representation of the
DXM basis and then show that they are consistent with the definitions in the locally
flat Γ representation of the vielbein EA.
To start with, we note that metric structure on a curved manifold defines an inner
product in the algebra Ω1(M) of generalized 1-forms. We denote the metric as the
sesquilinear and hermitian inner product of two 1-forms,
GMN = < DXM , DXN > . (3.15)
Then the inner product of two arbitrary 1-forms U = DXMUM and V = DX
NVN can
be computed from Eq (3.15) as
< U, V >= U †M < DX
M , DXN > VN = U
†
NG
MNVN . (3.16)
The first extension of the inner product (3.15) we need is the inner product of one
1-form and a tensorial product of two 1-forms. As in the case of the metric, we will
require that this innner product be sesquilinear and possesses a hermitian structure.
That is to say,
< U ⊗ V, W > = V † G(U , W ),
< U , W ⊗ V > = G(U , W ) V, (3.17)
where U, V and W are 1-forms. Hence, this inner product in the DXM basis is
< DXM ⊗DXN , DXP > = DXN < DXM , DXP > = DXN GMP ,
< DXM , DXP ⊗DXN > = < DXM , DXP > DXN = GMP DXN .(3.18)
The second extension of the inner product is for two 2-forms. It also has a hermitian
structure and is sequilinear, and again it is sufficient for our purposes to give it in the
same basis as the first inner extension:
< UF , WG > = F † < U , W > G, (3.19)
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where U,W are 2-forms and F,G are two arbitrary 2× 2 matrices. We shall define
< DXM ∧DXN , DXR ∧DXS > = 1
2
(GMS GNR − GMR GNS). (3.20)
and calculate (3.19) by expanding the two-forms in the DXM basis. All three inner
products defined above are direct generalizations of the corresponding products in the
Riemannian geometry.
The above formulae are valid for calculations in theDXM basis. In the orthonormal
basis EA, we can use another representation, where EA are not in the representation
(3.2), but in the flat Γ representation (2.13). In that representation, the inner product
can be taken as trace over the local spinor indices as dicussed previously. This is
consistent with our definition of inner product, since
G(EA, EB) = < EA, EB >, (3.21)
and in the Γ-representation
G(EA, EB) = Tr(ΓAΓB) = ηAB, (3.22)
In the representation (3.2)
G(EA, EB) = < DXMEAM , DX
NEBN >= E
A
MG
MNEBN (3.23)
Due to Eq (3.8) the consistency is obvious.
The volume element is given by
D5X = D4X
√
−det|G| (3.24)
Here det|G| denotes the determinant of our generalized metric defined in Eq(3.24) and
is given by
det|G| .= 1
5!
ǫN1N2N3N4N5ǫM1M2M3M4M5G
N1M1GN2M2GN3M3GN4M4GN5M5
=
1
4!
ǫν1ν2ν3ν4ǫµ1µ2µ3µ4G
ν1µ1Gν2µ2Gν3µ3Gν4µ4G55 ≡ det|g|φ 1, (3.25)
where det|g| is the determinant of the 4-dimensional metric and ǫ’s are the fully an-
tisymmetric Levi-Civita tensors. The expression of generalised determinant is rather
simple as the metric is diagonal.
4 Generalized connection, torsion and curvature
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4.1 Covariant derivative and generalized structure equations
Following Connes [2], we define the generalized connection through a covariant deriva-
tive ∇. The covariant derivative as a direct generalization of the ordinary one is an
operation which acts on an 1-form satisfying the properties
∇ : Ω1 −→ Ω1 ⊗A Ω1 ,
∇(UF ) = (∇U)F + U ⊗DF . (4.1)
Here the tensor product Ω1⊗A Ω1 is generated by the elements {U1⊗U2;U1, U2 ∈ Ω1}
with the relation U1F ⊗ U2 = U1 ⊗ FU2 for any F ∈ Ω0.
Due to the property (4.1), the covariant derivative of an arbitrary 1-form is known if
its action on a basis is given. Hence, the generalized covariant derivative is equivalently
given by a set of generalized connection one-forms ΩAB ∈ Ω1, the relation being
∇EA = EB ⊗ ΩAB . (4.2)
The connection is said to be a Levi-Civita or metric compatible connection, if it
satisfies ∇G = 0. By definition, the covariant derivative of the metric functional is
given by the following rule
∇G(U,W ) = D(< U,W >)+ < ∇U,W > + < U,∇W > , ∀ U,W ∈ Ω1(M) . (4.3)
By imposing the metric compatibility condition in Eq (4.3) in the orthonormal basis
(3.2) gives
ΩA †B = − ηADΩCDηBC . (4.4)
Explicitly,
Ωabµ = −ηadΩcdµηcb,
Ωab5 = −ηadΩ˜cd5ηcb,
Ωa5˙µ = −ηabΩ5˙bµ,
Ωa5˙5 = −ηabΩ˜5˙b5,
Ω5˙5˙µ = 0,
Ω5˙5˙5 = f(x)r, (4.5)
where f(r) is an ordinary function.
As the connection has been introduced independently of the metric structure, it
cannot be in general determined in terms of the vielbein defined from the metric.
However, the metric compatibility condition (4.4) can be used effectively as a supple-
mentary condition. We shall employ it along with torsion free structure equation to
determine the connection.
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The generalized Cartan structure equations define torsion and curvature of a given
connection as follows:
TA = DEA −EB ∧ ΩAB , (4.6)
RAB = DΩ
A
B + Ω
A
C ∧ ΩCB , (4.7)
where TA and RAB are 2-forms.
4.2 Torsion free connection
As in the case of the ordinary Riemannian geometry, we can impose the torsion free
condition TA = 0 . Then the structure equation (4.6) reduces to
DEA = EB ∧ ΩAB , (4.8)
Eq (4.8) and the condition (4.4) that follow from metric compatibility ”overconstrain”
the connection in our geometry. However, we can determine it uniquely provided the
vielbein (i.e. the metric structure) satisfies some restrictive conditions. This is in
contrast with the Riemannian geometry, where metric compatibility determines the
connection uniquely for any given metric, if torsion vanishes.
The structure equation (4.8) gives us the connection 1-forms Ω5˙ a and Ω
a
b, which
has the following components
Ω5˙ a ν = E
µ
a(
1
2
F[µν] + X(µν))
Ω5˙ a 5 = E˜
µ
a(∂µΦ + ma−µr − A˜µfr)
Ωa b ν = E
ρ
b(
1
2
(∂ρE
a
ν − ∂νEaρ)−
1
2
(AρΩ
a
5 ν − AνΩa 5 ρ) + Y a(ρν))
Ωa b 5 = E˜
ρ
b(ΦΩ
a
5˙ ρ + me
a
−ρr − A˜ρΩa5˙ 5) (4.9)
where F[µν] = ∂µAν − ∂νAµ , u± = u2 ± u1 for any function U . The connection
1-forms Ωa
5˙
and the symmetric tensor functions X(ρν), Y
a
(ρν) are to be determined by
the metric compatible conditions (4.5).
From Eq (4.5) we derive the equations, that determine X(ρν)
Φ˜X˜(ρν) + ΦX(ρν) = − 1
2
(F˜[ρν]Φ˜ − F[ρν]Φ) − mr(E˜bρe−b ν − Eaνea−ρ − Aνa−ρ
+ A˜ρa−ν) + A˜ρ∂νΦ˜ + Aν∂ρΦ
This equation implies two independent equations. One of them is a constraint on
vielbein
e1 = βe2 = βe ,
a1 = αa2 = αa ,
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φ1 =
φ2
α
=
φ
α
, (4.10)
where α and β are two arbitrary functions. In this case, eaµ , aµ , φ , β and α are
independent dynamical variables. ( As we shall see later, the function f in Ω5 5 without
having a kinetic term, can be eliminated from the Lagrangian). The second equation
determines X(ρν)
X(ρν) = x(ρν)
(
α 0
0 1
)
, (4.11)
where
x(ρν) = − 1
2φ
m (β − 1)2g(ρν) + (aν ∂ρφ
φ
+ aρ
∂νφ
φ
) − m
2φ
aρaν(α− 1)2
− 1
4
(aν
∂ρα
α
+ aρ
∂να
α
)
With the vielbein satisfying (4.10) we can determine the connection 1-form uniquely
with the result
Ω5˙ 5˙ µ = 0 ,
Ω5˙ 5˙ 5 = f.r ,
Ω5˙ b ν =
1
2
e ρa
[(
f[ρν] − m
φ
(β − 1)2gρν + (aρ∂νφ
φ
+ aν
∂ρφ
φ
) − m
φ
(α− 1)2aρaν
− 1
2
(aν
∂ρα
α
+ aρ
∂να
α
)
) (αβ−1 0
0 1
)
+ l[ρν]
(
β−1 0
0 0
) ]
,
Ω5˙ b 5 = e
ρ
b
[
∂ρφ
(
α−1 0
0 β−1
)
− φ∂ρα
α
(
α−1 0
0 0
)
− aρ r ( m(α− 1)
(
1 0
0 β−1
)
+ f
(
1 0
0 αβ−1
) ]
,
Ωa b µ = ω
a
b µ + e
aτe
ρ
b
[(
gτµ
∂ρβ
β
− gρτ ∂µβ
β
)
(
1 0
0 0
)
+
(
aµ f[ρτ ] + aµ h[τρ]
+
1
2
l[ρτ ] +
m
φ
(β − 1)2(aτgµρ − aρgµτ )
) (α2β−2 0
0 1
) ]
,
Ωa b 5 =
1
2β
e aτe
ρ
b
[
m (1− β2)gρτ r + aτaρ r ( m (α2 − 1) + fα)
+
3
2
φ aτ
∂ρα
α
r − 1
4
φ aρ
∂τα
α
r + (aρ∂τφ− aτ∂ρφ) − φ f[τρ]
]
, (4.12)
where
ωabν =
1
2
eaτ e
ρ
b
[
edτ (∂ρedν − ∂νedν) + edρ(∂νedτ − ∂τedν)
+ edν(∂ρedτ − ∂τedρ)
]
,
f[τρ] = ∂τaρ − ∂ρaτ ,
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h[τρ] = aτ
∂ρφ
φ
− aρ∂τφ
φ
,
l[τρ] = aτ
∂ρα
α
− aρ∂τα
α
, (4.13)
and ωab is the ordinary metric compatible and torsion free connection.
4.3 The generalized Ricci scalar curvature and the action
Eq(4.7) determines completely the curvature 2-forms RAB and hence the Ricci scalar
once the set of the connection 1-forms ΩAB are given. The Ricci scalar curvature in
our case can be defined as follows
R = < EA ∧ EB , RAB > (4.14)
where RAB = ηAC R
C
B. It is convenient to compute the Ricci scalar curvature in the
DXM basis. The curvature 2-form RAB can be expanded in the form
RAB = DX
M ∧DXN RABMN (4.15)
The Z2 functions RABPQ are determined uniquely, due to the anti-commutativity (2.18)
of the diagonal basis DXM . The vielbein can be also expanded in terms of DXM .
Using the sesquilinearity and the hermicity of the innner product we can bring all the
coefficients out and we are left with the inner products in DXM basis as defined in Eq
(3.20) It is straightforward to substitute this inner product into Eq (4.14) and compute
the Ricci scalar curvature.
The action is defined as
S =
1
m.κ
Tr (
∫
dx4
√−det G R) , (4.16)
where κ is a constant to be fixed later.
The integration over the discrete space follows naturally to be 1
m
Tr.
5 Some particular cases
It is cumbersome but straightforward to compute the action based on Eq (4.16). The re-
sulting action involves lengthy expressions including kinetic terms and cross-interaction
terms for gravity, the vector field aµ(x) and the scalar fields β(x), α(x) and φ(x). The
function f(x) in Eq (4.5) appears as an auxilary field without a kinetic term. It can
be eliminated from the action. Rather than present the full action, in what follows,
we shall discuss some special cases that demonstrate the role α and β play and their
physical significance.
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5.1 The zero modes sector of the Kaluza-Klein theory
In this case we choose β = 1 , α = 1. We recover the action of the previous paper
[12]. With the field redefinition a −→ aφ, the result is
L = 1
mκ
∫
d4x
√
−det|g|(φ r4 − 2✷φ + φ
3
4
fµνf
µν), (5.1)
where r4 is the four-dimensional Ricci scalar curvature. We see that the discretised
version contains only the zero mode sector of the Kaluza-Klein theory.
As φ(x) and aµ(x) are dimensionless we can introduce the dimensional parameters
v and b with dimension of mass into the theory via
φ(x) −→ eχ(x)v
aµ(x) −→ aµ(x)
b
(5.2)
The Lagrangian (5.1) then assumes the form
L = 1
mκ
∫
d4x
√
−det|g|eχ(x)/v(r4 − 2
v2
∂µχ(x)∂
µχ(x) +
e
2χ(x)
v
4b2
fµνf
µν), (5.3)
and leads to the identification
mκ = 16πG2,
4πG2v2 = 1,
16πG2b2 = 1, (5.4)
in order to have standard expressions for the kinetic terms. The scalar field χ(x) and
the vector field aµ(x) are massless.
5.2 Massive dilaton and cosmological constant
In this subsection, we consider the case, where a = 0 , α = φ = 1 to see the new
features the dynamical variable β(x) brings into the theory. The Lagrangian in this
case reduces to
L = 1
16πG2
∫
d4x
√
−det|g|(1
2
(β2 + 1)r4 +
3
2
∂µβ∂
µβ
+
m2
4β2
(β − 1)3(2β6 + 2β4 + 7β3 − 21β2 + 9β − 5)) (5.5)
By redefining β −→ β˜
u
, where u is a parameter with dimension of mass, we obtain a
dynamical scalar field β˜(x). The Lagrangian now contains gravity and a dilaton with
a highly nonlinear potential
L = 1
16πG2
∫
d4x
√
−det|g|( β˜
2 + u2
u2
r4 +
3
2u2
∂µβ˜∂
µβ˜ + V (β˜)) (5.6)
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To have the right factor for the kinetic term of β˜ the parameter u should be given by
u =
√
3
mκ
. (5.7)
The potential is non-renormalisable as to be expected from a theory of gravity. The
V (β˜) potential has a minimum at β˜ = u. Expanding β˜ around u, we obtain a mass
term for the β˜ field.
Lmass = 95
4
m2β˜2. (5.8)
Hence, although on one sheet β˜(x) rescales gravity and acts like a dilaton field of
conventional theory, it has a mass in the present framework.
The mass of the β dilaton is ∼ 4.87m. If the theory is applied in the two left- and
right-sheeted model of Connes and Lotts [3] withm as the electroweak scale ∼ 246GeV ,
then the β dilaton has mass in the TeV range.
We can also imagine β(x) to be just a constant. In that case V (β) plays the role
of the cosmological constant that vanishes at β = 1 ( or β˜ = u). The cosmological
constant is positive ( negative) for β > 1 (β < 1). It can be made arbitrarily small by
taking its value arbitrarily close to unity. This feature has clearly important application
in cosmology.
5.3 Mass term, quartic potential and higher derivative inter-
actions for the vector field
In this subsection we consider the special case, where we have flat space-time, φ(x) = 1.
β and α assumed to be constant other than unity. For simplicity we shall assume β = α
The Lagrangian in this case is given by
L = 1
16πG2
∫
d4x
√
−det|g|(Lkin + L2 + L4 + Lhigh + const), (5.9)
where
Lkin = − 1
8α2
(2α3 − α2 − α− 2)fµνfµν ,
L2 = m2 aµaµ (α− 1)
4(α+ 1)3
8α
,
L4 = m2(aµaµ)2
(α− 1)3(α + 1)(α3 + 1)(α− 3
2
)
4α
,
Lhigh = 1
8
(α− 1)2(α + 1)
α
(aµfµν)
2. (5.10)
The vector field aµ(x) indeed has a nonvanishing mass term.
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6 Summary and Conclusions
The noncommutative geometric approach a` la Connes has provided new insights into
the Standard Model of elementary particle interactions by providing a unified geometric
desription of gauge and Higgs particles and at the same time providing a Higgs potential
with spontaneously broken symmetry. Since the approach is based on a fundamentally
new structure of space-time, it is natural to ask how gravity fits into the picture and
what are the consequences on the other interactions. Indeed as shown by one of the
authors [18] of this paper, if one assumes the same underlying space-time structure for
both gravity and electroweak interactions, one can predict the top quark and Higgs
particle masses mt ∼ 172GeV and mH ∼ 241GeV .
The present work is an extension of that in [12]. The noncommutative geometry
is based on the algebra A = C∞(M) × Z2. The discrete Z2 structure supplementing
the smooth functions on the four-dimensional manifold allows one to introduce a Dirac
operator that has a component corresponding to an outer automorphism of the algebra
and develop a differential geometry that has close anology with the usual Riemannian
geometry. The discrete elements belonging to Z2 may be considered as two discrete
points of a fifth spatial dimension in Kaluza-Klein-type theories or alternately simply
as giving rise to two independent copies of space-time. We have adhered to the first
point of view in this paper.
We have considered in this paper the case of a torsion free, metric compatible
connection. The ensuing lagrangian has a rich and complex structure with a finite field
content including two additional dynamical scalar fields along with the fields introduced
in the vielbein. To understand the structure in more physical terms, we have considered
some special cases. First of all, if the fields α and β are constants equal to unity, we
obtain the previously studied case [12] in which there are only zero mass tensor, vector
and scalar fields. Secondly, if we consider only gravity and the field β(x), we find that
while rescaling the metric , β(x) acts as a dilaton field of conventional theories, it is
different in that it has a mass term in the present framework. On the other hand if we
treat β(x) to be a constant everywhere, it gives rise to a cosmological constant term
that vanishes at β = 1. It can be positive or negative depending upon whether β > 1
or β < 1 and can be made arbitrarily small by taking β arbitrarily close to unity. Thus,
the model can have application in Cosmology. As a third possibility, if we consider α
and β as constants we obtain a model in which the vector field is massive.
These special cases give rise to a rich variety of physical models. In the more general
case when torsion is present the metric compatibility condition (4.4) is sufficient to
determine uniquely a non-vanishing torsion in terms of the metric without imposing
any constraints on the vielbein. ( The Eq (4.10) now instead of being a constraint on
the vielbein becomes a torsion determining equation). Hence, a pair of independent
metric, vector and scalar fields can coexist and we expect that one field in each pair is
massless and the other is massive. We defer the consideration of this case in a paper
18
to follow [19].
Finally, we note that such a general metric with two independent tensor, vector
and scalar fields opens up new and intriguing possibilities for the Standard Model.
In Connes-Lott model of right - and left-handed sheets, for instance, two different
metrics on the two sheets implies that gravity couples differently to different chiralities.
Distance measured by a left-handed beam is different from that measured by a right-
handed one. Are these considerations relevant to the Standard Model? We do not
know at present. But even the simplest version of NCG based on two sheets has all
these possibilities sugests that it merits further study.
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